Motivated by applications of holography to superconductors, we generalize no-hair theorems for minimally coupled scalar fields charged under an Abelian gauge field.
Introduction and conclusions
The gravity/gauge duality has established itself as a new paradigm to study quantum field theories in strongly interacting regimes. In the original examples of the duality, one has a good understanding of the theories on the two sides of the duality, and the approximations made are under control. However, none of these examples seems to be realized in Nature. This has led to a more 'effective field theory' approach to the gravity/gauge duality, where the gravity backgrounds considered do not necessarily correspond to limits of known M/string theory solutions, and the precise nature of the dual field theory is not known either. This point of view has been advocated in the program to apply holographic ideas to condensed matter systems (see [1, 2] for reviews).
Among the possible applications of holographic techniques to condensed matter systems, quantum criticality has emerged as a potentially fruitful arena [3] . It refers to systems that in some region of the phase diagram have dynamics determined by the proximity of a quantum phase transition. The paucity of analytical tools to study these regions in phase space has raised the hope that gravity/gauge duality might provide instructive toy models, and more optimistically, perhaps even a precise dual for some real world system exhibiting quantum criticality.
Along these lines, there has been work trying to model the T = 0 quantum critical regime, by mapping it to an AdS background with a Reissner-Nordström black brane [4] . There has been also work trying to model thermal (i.e. T = 0) phase transitions involving the quantum critical regime, by mapping them to the appearance of scalar [5, 6, 7] or vector [8] hair in the dual black brane background. We are not aware, however, of any work using gravity/gauge duality to model the quantum (T = 0) phase transition itself. This is one of our main motivations to explore the existence of possible extremal (i.e. T = 0) solutions to the gravity systems considered in the literature.
The kind of systems considered in these works consist of General Relativity with negative cosmological constant coupled to either a non-Abelian gauge field, or to an Abelian gauge field and a minimally coupled charged scalar with an arbitrary potential. In the last case, the resulting system of equations appears to be unsolvable in general, so much of the insight into it comes from numerical analysis [5, 6, 7] . Numerical analysis is performed for particular choices of parameters (e.g. the charge of the scalar field) or models (e.g. specific choice of the scalar potential), and in some cases it is not conclusive, as in some limits the numerical behavior of the potential solutions is unstable. For these reasons, it is useful to complement these numerical analysis with analytic arguments. While finding analytic regular solutions is hard, it is possible to present arguments about non-existence of these solutions in certain cases. These nohair theorems [9] provide then constraints on the phase diagram of the putative dual theory. Most no-hair theorems in the literature apply to spherical horizons, but as we will see, they generalize immediately to flat horizons.
In section 2 we introduce the theory we will considering, General Relativity (in d ≥ 4 dimensions) with cosmological constant coupled to an Abelian gauge field, a minimally coupled charged scalar field and an arbitrary scalar potential. We show that a particular combination of Maxwell and Einstein equations can be integrated, and the resulting relation is particularly simple for flat horizons. We review and generalize previous results constraining the behavior of metric and matter near horizons [10] .
In section 3 we generalize known no-hair theorems for neutral condensates to the case of flat horizons (black-branes). For flat horizons and the simplest potential V (ψ) = m 2 ψ 2 , the theorem that we present here covers most of the mass range where no hairy black branes are expected. There is, however, a range of masses for which no hairy black branes are expected [7] , but we don't have an analytic argument ruling them out.
In section 4, we then turn to extremal (T = 0) hairy black branes. We first argue that in a potential hairy black brane the charged scalar must vanish at the horizon, and this in turn implies that the effective mass of the scalar [5] at the horizon is positive,
This rules out the existence of hairy extremal black branes with m 2 < 0 scalar hair. In particular, the endpoint of the instability discovered in [7] is not an extremal hairy black brane.
It is plausible that the bounds presented here can be improved by more elaborated arguments. It would also be interesting to obtain analytic results delimiting the boundaries of existence/non-existence of hairy non-extremal black branes for the case of charged scalars.
The model and the ansatz
We consider General Relativity in d ≥ 4 dimensions with an arbitrary cosmological constant, plus a U(1) gauge field and a minimally coupled charged scalar field with arbitrary scalar potential.
We consider the following ansatz
where h ij is the metric of a d − 2 Einstein manifold [11] ,
with k = 1, 0, −1. Solutions with k = 0, −1 are known to have horizons only for Λ < 0; the relevant case for holographic applications to condensed matter is k = 0, Λ < 0, but some of our results are more general. After we plug this ansatz into the equations of motion, we observe that the r component of Maxwell equations shows that the phase of the scalar field is constant, and we take it to be real. The t component is
The resulting equation for the scalar field is
As explained in [5] , from this last equation one can define an r-dependent effective mass for the scalar field, m 2 ef f (r) ≡ m 2 + q 2 g tt A t A t As for the Einstein equations, it will prove convenient to consider their mixed-index version, G ν µ = T ν µ . In components,
As a consistency check, one can verify that the conservation of T µν amounts to
which is consistent with the equations of motion for the scalar and the vector fields. An important point is that for neutral scalars (q = 0), the equations of motion of these two fields decouple and their contributions to T µν are conserved independently.
An example of solutions are the RN-AdS black holes [12] 1 ,
where we introduced the AdS radius L 2 = −(d − 2)(d − 1)/2Λ. For solutions with non-trivial ψ it will be no longer true that f = g. Let us define e χ = g/f , which keeps track of the hairiness of the solution. Its equation of motion is given by a linear combination of Einstein equations,
Horizons
If the solution has f (r + ) = 0 for some r + , there is a horizon. Its temperature is
These are still solutions for Λ ≥ 0, but unless k = 1, they don't correspond to black holes.
Einstein equations depend on the arbitrary scalar potential V (ψ). We can get rid of it by taking a linear combination of the ii minus the tt components. If we further plug Maxwell equation in the resulting expression, we arrive at an equation that does not contain the scalar field,
We can integrate this equation to get
This expression guarantees that χ(∞) = 0. The constant c 1 is proportional to the temparature of the horizon, so if c 1 = 0 the solution is non-extremal, and if c 1 = 0 the solution is extremal. For k = 0 the expression simplifies,
Note that for extremal flat horizons (c 1 = k = 0), this gives a very simple relation between f (r) and φ(r). We can plug this relation back in Einstein equations to obtain an algebraic expression for f /r 2 ,
Behavior near a horizon
We are interested in solutions with horizons at non-zero r + , i.e. such that f (r + ) = 0 for some r + > 0. We will require that all the curvature invariants are bounded at and outside the horizon [13, 10] . This in turn constrains, through Einstein equations, the behavior of the matter fields at the horizon.
R µν R µν is an invariant, so we require that it is bounded at and outside the horizon. 2 , this implies that the mixed components R t t , R r r , R i i are separately bounded. Taking linear combinations, and using that g/r 2 is bounded, we derive that there are three independent combinations that are bounded,
Since the Ricci scalar R is also bounded, ir follows from Einstein equations that T t t , T r r , T i i are separately bounded. Taking linear combinations, we derive that there are three independent combinations that are bounded,
Looking at the signs of individual terms, we learn from either the first or the second combination above that V can't diverge to +∞, and from the third combination that it can't diverge to −∞, so V is bounded. It then follows that
are bounded at and outside the horizon. Actually, we will argue now that the last two terms vanish at the horizon,
This follows immediately from the equality
which has been encountered before in the literature of no-hair theorems [10, 14] . We revisit its derivation (extending it to arbitrary dimension, sign of Λ and horizon topology) to make explicit the assumptions. Notice first that a linear combination of components of Einstein equation yields
and that one can integrate the tt component of Einstein equation to obtain
t is bounded at the horizon, near the horizon the last integral is linear in (r−r + ); this shows that g(r) vanishes at least linearly at a horizon.
We are now ready to prove the equality (2.3) and will do it first for non-extremal horizons and then for the extremal ones. Grant that g has a simple zero (i.e. a nonextremal horizon) and imagine that T t t − T r r = 0 at the horizon; we have
near the horizon, and recalling the definition of χ we deduce that f ∼ (r − r + ) 1+C . Plugging that and g ∼ (r − r + ) into the third bounded metric combination, we derive that boundedness of curvature invariants implies that C = 0. This proves (2.3) for non-extremal horizons, and tells us that for non-extremal horizons, both f (r) and g(r) have simple zeros. As for extremal horizons, they arise when the coefficient of (r − r + ) for the expansion of g(r) near the horizon vanishes. We are going to assume 2 that the integral in eq. (2.4) admits a Taylor expansion at least to order (r − r + ) 2 , so g(r) has a double zero. Granting this and a powerlike vanishing of f (r) near the horizon, a repeat of the previous argument shows that still T t t (r + ) = T r r (r + ) and f ∼ (r − r + ) 2+α with α ≥ 0. We see that for extremal horizons, it is not immediate that f must have exactly a double zero.
Finally, from the vanishing of q 2 φ 2 ψ 2 /f at the horizon, it follows that φψ = 0 at the horizon. More than that, as argued in [2] we require that |A µ | 2 = φ 2 /f is finite at the horizon. It then follows that φ itself vanishes at the horizon.
A no-hair theorem for neutral scalars
Before we address the possibility of extremal hairy black-branes, we present a nohair theorem for another particular case, that of neutral (q = 0) scalar hair. In the context of holographic superconductors, it has been argued [7] that at low enough T , for certain range of masses of the scalar field, a Reissner-Nordström black brane develops an instability due to a neutral scalar field, and numerical evidence was presented (for a particular value of the mass of the scalar) of the existence of black branes with neutral scalar hair. In this section we present a straightforward generalization of known no-hair theorems for neutral scalars [13] to arbitrary horizon topology and dimension.
If we set q = 0, the Maxwell equation can be readily integrated, yielding
where we used the asymptotic behavior to fix an integration constant. We see that φ ′ has a definite sign (the sign of ρ). Since φ(r + ) = 0 and φ ′ has definite sign, it follows that φ has the same definite sign outside the horizon, i.e. φφ ′ > 0. Bringing this result into equation (2.2) we conclude that in the case k = 0, f ′ > 0 outside the horizon.
We will now show that for flat horizons in AdS spaces, if V (ψ)| r=r + ≥ 0 it is not possible to have neutral hair. Recall that if the scalar field is neutral, the stressenergy tensor of the scalar and vector fields are separately conserved. Consider the stress-energy tensor of the scalar field,
at the horizon we have
since we argued above that f ′ > 0 outside the horizon. But these results are incompatible with the fact that near infinity
This concludes the argument that it is not possible to have neutral hair if V (ψ) r=r + ≥ 0. For the simple potential V = m 2 ψ 2 this implies that there are no hairy solutions for m 2 ≥ 0. The argument (and numerical evidence for m 2 L 2 = −2) in [7] suggests that in 4d there are hairy solutions for m 2 L 2 < −3/2. It would be interesting to extend the no-hair theorem presented here to the range −3/2 ≤ m 2 L 2 < 0.
For generic scalar potentials things can be more complicated. For instance, the analytic solution found recently in [18] evades the theorem because V (ψ)| r=r + < 0. This is possible even for m 2 > 0, because terms in V (ψ) with higher powers of ψ become important near the horizon.
It is not much harder to extend the proof for arbitrary k. It is possible to present a proof using T r r (ψ), but it is perhaps cleaner to use e −χ/2 T r r (ψ) as in [16] . One has e χ/2 e −χ/2 T r r (ψ)
From the rr Einstein equation at the horizon, it follows that
Using this result and equation (3.1), it is immediate that for k = 0, −1,
(in fact, this last formula applies always, since for k = 0, −1 it reduces to the previous one). In all cases, with Λ ≤ 0, we see that if T r r (ψ)| r=r + ≤ 0 it follows that e −χ/2 T r r (ψ) ′ < 0 but then it is impossible that T r r (ψ) → 0 at infinity, so there is no such hairy solution.
A no-hair theorem for extremal black branes
We now turn to charged scalars, q = 0. For this case we will present a no-hair theorem for extremal black branes. Recall that we assume an extremal black hole has g ∼ (r − r + ) 2 and f ∼ (r − r + ) 2+α near the horizon, with α ≥ 0. From the relation defining the extremal k = 0 solutions (2.1), and this assumed scaling, it follows that for an extremal black brane φ 2 /f → 2 at the horizon, the same finite value as in an extremal RN black hole. The important point is that φ 2 /f tends to a finite non-zero value 3 . Since we argued that q 2 φ 2 ψ 2 f must vanish at the horizon, we conclude that if ψ is a charged scalar, it must vanish at an extremal k = 0 horizon. Let's now consider the scalar equation near an extremal horizon, (r − r + ) 2 ψ ′′ + (2 + α 2 )(r − r + )ψ ′ + 2 g ′′
where we assumed that the scalar potential V (ψ) is of the form m 2 ψ 2 +... with the dots representing higher powers of ψ, which vanish faster since ψ itself vanishes. Looking at solutions of this equation that have vanishing ψ at the horizon, we derive a necessary condition for their existence, m 2 ef f (r + ) = m 2 − 2q 2 > 0 where we used that g ′′ + > 0, a result one can derive from demanding that the algebraic expression for f (r), eq. (2.2) has at least a double zero. This bound rules out the existence of hairy extremal black branes with m 2 ≤ 0. In [7] it was found that an extremal RN black brane coupled to a scalar field with mass square below the AdS 2 BF bound develops an instability (see also [15] ); no claims were made about the endpoint of the instability. Our result implies that the endpoint of that instability is not a hairy extremal black hole. To conclude, it is quite possible that further arguments improve the bound presented here, and even completely rule out extremal hairy black holes for the original Lagrangian.
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